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Abstract -The inverse heat conduction in a multi-material slab with periodic temperature excitation is
investigated. We derive a polynomial relation to estimate the frequency of the periodic excitation as a function
of the temperature amplitude at a given observation point in the material specimen. The formula includes
characteristic geometric and material parameters of the system. The polynomial formula can be an effective
design tool for quick frequency predetermination in the design of non-destructive testing experiments with
infrared thermography. The convergence and accuracy of the formula are assessed by comparison with
analytical thermal quadrupoles solution.

1. Introduction

Infrared thermography is a non-destructive testing technique in the field of failure detection. Material, civil and
aerospace engineering are some of the application areas of infrared thermography [1], [2], [3]. The inspection becomes
more challenging for composite and multi-layer materials especially in the field of aerospace [4]. Any defect in multi-layer
material or composite such as ply separation, air bubbles and delimitation can lead to the modification of their properties
[5], which can affect reliability and safety. Detecting a characteristic of a possible defect in a shorter time and easier way
are two notable benefit of infrared thermography [6]. This method can be applied in two different ways, namely active and
passive thermography [7].

In active infrared therrmography, the specimen is excited by an external thermal heat source and a camera
captures the images. The images are processed by computers and any lack of integrity on the surface or inside the
structure is detected. Several parameters are involved in detection techniques to have clear and accurate results, such
as material properties of tested objects and depth and size of the defect [8]. Active infrared thermography requires the
experimental setup design. Effective experimental design requires the predetermination of the radial frequency of the
boundary excitation that corresponds to certain temperature amplitude, since this parameter is correlated with the size
and characteristics of the flaws [8].

A closed form solution of the inverse problem was derived in [9] for a semi-infinite domain. The applicability and
limitation of this formula were assessed in [10]. Here we consider the inverse problem for a multi-layer heat conducting
solid. We use the thermal quadrupoles representation to derive a lumped parameters formulation of the problem that
allows for the input to output representation in terms of a transfer function in the Laplace domain. The generally
transcendental transfer function is approximated with the corresponding power series, which allows for a polynomial
implicit approximated solution of the inverse problem. Explicit approximate solutions are given up to third order
truncation.

The rest of the paper is organized as follows. In Section 2 we briefly recall the formulation of the initial-boundary
values problem describing the heat conduction in a multi-layer slab with periodic temperature excitation. In Section 3 we
introduce a lumped parameters representation of the problem by means of thermal quadrupoles [11]. In Section 4 we
derive an implicit approximated formula that solves the inverse problem (determination of the frequency of excitation
given the amplitude of the temperature at a given observation point) for design of experiments in nondestructive testing
of bi-material slabs. The formula includes characteristic geometric and material parameters of the bi-material system.
The accuracy of the formula with respect to analytical results of the direct problem, and convergence of the polynomial
solution with increasing truncation order is established. Section 5 summarizes the results and contributions.



http://dx.doi.org/10.21611/qirt.2012.318
11" International Conference on Quantitative InfraRed Thermography, 11-14 June 2012, Naples Italy

2. Heat conduction in a two-layer slab
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Fig. 1. Schematics of a two-layers slab with temperature radiation on one side and convection on the other side.
Here T,, is a uniform ambient temperature.

We consider a multi-layer slab-like domain, see figure 1, which is a three dimensional continuum with two sides very
large with respect to thickness so that the effect of the edges can be neglected. It is therefore appropriate to introduce a
reduced one-dimensional approximation along the spatial coordinate x € [0,#] of the initial boundary values problem
governing the heat conduction. Moreover, we assume that the lateral surface has no heat loss and that there is no
internal heat source, and formulate the one-dimensional initial-boundary values heat conduction problem as
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where u; is the temperature raise (with respect to the ambient temperature) in the i-th layer at point (x,t) € R X R,
a,,a,, ..., a,_, are the coordinates of the material interfaces in the slab that are assumed to be parallel to the sides at
x = 0 and x = ¢, and constants a; and k; represent respectively the thermal diffusivity and the thermal conductivity of the
materials. We consider a, = 0 and a,, = ¢. The slab is assumed to be initially at the ambient temperature consistently
with the initial condition (1b). At time zero a persistent oscillating perturbation of amplitude U and radian frequency w is
added at x = 0, as formalized by the boundary condition (1e). Equation (1f) is a convective boundary condition describing
the experimental conditions that we want to reproduce. By introducing the non-dimensional variables

T T
W= X = =w
we rewrite the initial-boundary values problem (1) in the non-dimensional form
(2a)
ou;  10%y
at*  B; 9x*2
(2b)
u;(x*,0) =0
(20)

ui(a, t) = ujiq(aj, ")
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Qi%(ai't*) = Qi+1%(ai't*)

(2e)
u;(0,t*) =sint*

u, 20
a—x'j(l,t*) +oui(1,t*) =0

with the nondimensional groups defined by
wt? k; ut

Unless otherwise stated, in the remaining part of the paper we will drop the superscript star and refer to non-dimensional
variables by using the same symbol as the corresponding dimensional ones.

3. Lumped parameters representation by thermal quadrupoles

A thermal quadrupole is a two ports lumped element that allow for the input to output representation of the heat
flux (through) and the temperature (across) in a conducting body [10]. For the case of one-dimensional heat conduction
the representation is obtained by taking the one-sided (with respect to time) Laplace transform of the system in equations
(2). Therefore the initial-boundary values problem is mapped into a boundary values problem that depends on the
Laplace variable s. The general solution of the transformed temperature is

Ui(s,x) = c}(s) cosh(x\/%) +cZ(s) sinh(x\/%)

where the constants ¢} and ¢/ are determined by the boundary conditions.

(0, 1) q1(x.,t) qi(a.t) = ga2(a, t) q2(1, ) Goc
— - . - ——e
u (0, t]T Mg T M} T M? T M@ Tux
h h h
e . ) - . :l ——e
/ / /
uy(x, t) uq(a, t) = us(a, t) ua(1,t)

Fig. 2. Lumped parameters representation of the linear system (3) via thermal quadrupoles, with an observation
point x located within layer 1. The case with observation point located in layer 2 can be easily obtained.

Given the linear constitutive relation between the heat flux and the temperature, it is possible to represent the one
dimensional heat-conduction problem in terms of inputs and outputs of each layer, transformed by a suitable transition
matrix whose entries are determined by the general solution above. For the system (2) the thermal quadruploles block
diagram is given in figure 2, with transition matrices given by

A, B o
ub=(g p) =12
(3b)
A; = D; = cosh ((ai —a;_1)y 5iﬂ15)
(30)

B; = ;sinh ((ai —i_1)4/ 51‘:315)

0i/ 6B

i = ou/Sifss sinh ((a; — ai_)/5ifrs (39)

where M/_, is the transition matrix for the i-th layer that is used to represent the input to output behaviour of an
homogeneous layer of thickness a; — a;_;, and
o bi_m
) B o«
The transition matrices M¥, and M. are defined analogously by substituting a; and a;_, with x respectively. The
transition matrix M;> which accounts for the convective boundary condition is given by
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The nondimensional lumped parameters representation in Egs. (3) implies that the transfer function depends on the
excitation frequency w through pg;. In other words, the parameter f; is the nondimensional equivalent of w.

We indicate with capital letters the Laplace transforms of fields introduced above. The input to output relation
between the lumped variables U; and U,, that is the temperature at the observation point x located in the i-th layer with
respect to the input U, is obtained by solving the following system associated to the thermal quadrupoles representation
of the system

(o) - ()
()= (1)

with U,, = 0. From Egs. (4b) we obtain U, and Q, in terms of Q.,, which allows to obtain the relation between Q,, and U,.
Substitution into (4a) gives the relation between U, and U,. The solution is in general represented by the following input
to output relation which accounts for the geometry and the material properties

U
U_1 = G(S)

4. Approximate solution of the inverse problem

A closed form solution of the inverse problem, that is a closed form relation between g; and U; cannot be found.
Here we approximate the transfer function G(s) as the inverse of a power series expansion with respect to ;s and asses
the accuracy of the approximation for different cases. Specifically, G (s) is approximated by

1 _ 1
Zﬁ:o by (B15)* o pn(B1S)

G(s)~Gq(s) = ®)

where coefficients b, are given by

1 ok 1
b= pagr o)

UCDRECY ©
The approximated input to output relationship
Uy 1
— = G,(s) =
Uy a(s) pn(B15)

allows to find an implicit solution of the inverse problem whenever the polynomial py(8;s) is stable, that is whenever the
roots have negative real part.

For a linear scalar system with transfer function G,(s) the response to the sinusoidal input u,(0,t) = sin wt is
given by u,(x,t) = |G,(jw)| sin(wt + ¢), see for example [12, Chapter 7], where |G,(jw)| and ¢ are respectively the
amplitude and the phase of the transfer function

1Ga ()] = R(G, ()" + I(Ga))?

R (CAD)
MEETATD))

where the operators R and 3 represent respectively the real and the imaginary part of their argument, and j = v—1.
Therefore the amplitude of the temperature u, at the observation point located at the non-dimensional abscissa x can be
related to the nondimensional excitation frequency S; by

1
m(PNUﬁl))Z + S(Y’N(iﬁﬂ)z = W "

For N = 2 and N = 3 the explicit forms of Eq. (7) are respectively given by
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The bi-quadratic structure of the expressions allows for the explicit solution to be found by using the formula for the roots
of quadratic and cubic polynomials. Among the multiple roots, one must select the one such that g, is real and non-
negative. We note that the implicit solution in (7) applies to multilayer systems provided that coefficients b, are obtained
for the specific materials and geometry. For a generic order N the implicit polynomial relation can be written as
N-1
1

b+ BRAEY + ) (b = 2bsbiss )Y~ =0 (10)
k=1 *

The solution for N = 2 is

2bob, = b} + T T FBZ0 = Zhoby) + 453
X
203

(11)

Bt =

In order to have 57 > 0 for |u,| — 0 (8; would otherwise be complex, and so would be the frequency of excitation w) we
must select the solution

1
2boby — bi + m\/|ux|2b12(b12 — 2boby) + 4b3
2b?

(12)

pt =

which gives

1
2bob, — b? + |u—x|\/|ux|2bf (b2 — 2byb,) + 4b?
2b2

(13)

B =

The approximate solution in Eqg. (13) holds provided that the argument of the radical is positive. For N = 1 we obtain the

very simple formula
1 1
=— — b? (14)
A=y a0

In the following sections we give expressions for coefficients b, corresponding to different scenarios.
Coefficients are obtained with Mathematica®.

4.1. Homogeneous slab

A homogeneous slab is characterized by n = 1 with the observation point x placed in the single layer. The first
three coefficients that define the approximate transfer function G, (for N = 2, that is second order truncation) are

b = 1+o0

T e (142)
b1=m(a(a+1)xz—3(a+1)2x+2(0(0+3)+3)) (14a)
b, = 360(1 1 ;(1 =) (762 (0 + Dx®>— 420 (0 + 1)?x*+5(1906 (6 (6 +3) +3) + 15)x3 140

—100 (o +1)(o (6 +3) +3)x? + 24 (20 (6 (6 +5) + 10) + 15)x — 8 (¢ (¢ (¢ + 6) + 15)
+ 15))

For x =1 and o = 0.08 the plots of B, versus |G,(jB:1)| = |u,|/U are shown in figures 3 for N =1 (Eq. (14)) and N = 2
(Eqg. (13)) respectively. The approximate solutions (dashed line and dashed-dotted lines) are compared with the exact
solution (continuous line). The non-dimensional parameter ¢ is obtained by considering a slab of unit length with
k, = 49.8W/(m K) (carbon steel) and u = 20 W/(m? K) (air).
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Ugiigy
Fig. 3: Plots of B; versus |U,(jB,)| from the analytical quadrupole solution (solid line), and the approximated
polynomial solution with N = 1 (dashed line) and N = 2 (dot-dash line) for an homogeneous slab.

The relative percentage error 100|1 — B{/B,] is plotted in Fig. 4 for two values of N (Egs (13) and (14)) and the
same values of the non-dimensional parameter ¢ and x. For low amplitudes U, the first order polynomial approximation
gives lower errors than the second order polynomial approximation, whereas for the normalized amplitude approaching 1

the relative error of the second order approximation is considerably lower and monotonically decreases consistently with
the plot in figure 3.
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Fig. 4: Plots of the relative percentage error 100|1 — 8{/B;| versus B; for N = 1 (solid line) and N = 2 (dashed
line).

4.2. Two layer slab

We consider a two-layer slab (n = 2) with the observation point x at the interface mimicking a test to detect

detachments between layers in a composite panel, see figure 1. The first three coefficients that define the approximate
transfer function G, (for N = 2) are

02001
bg=1+——F—— 15a
0 0, +to(l—ay) (152)
. =
6(92 +o(1— al))
+3(0 +02)*(1 = 2 0,8,)a; + 2 0,6,(305 + 30,0 + 02))

5 (023 — 0, — 2026,)a3 + 0(0 + 02)(6 — 0, — 6 0,8,)a%
(15b)
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)= - +(02 (023 + 4(5 - 28)8.)) — 15 ) af
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+02(02 +0)((16 5, (38, —5) — 6)o, + 45)ag
—30(0 + 0,)?((40 (6, — 1)8, — 1)o, + 15)af
+5 (1203 6,(2 6, — 1) + 03 (486, (26, — 1)5; + 3) + 3030(168, (26, — 1)o + 3) ) a
—208,0,(0, +0)(68, — 1)(305 + 3 0,0 + 0?)af
+ 24620,(1503 + 20030 + 100,02 + 203)a; — 8520,(1503 + 15030 + 60,02 + 03))

The plot in figure 5 shows the first order (dashed line) and second order (dot-dash line) approximate solutions versus the

analytical quadrupoles solution (continuous line). Values of non-dimensional parameters used to compute the
coefficients in Egs. (15) are

(15¢)

a, = 0.5, 0, = 5.02, 6, = 0.133,
o = 0.08, xX=a (16)

The set of parameters has been obtained by considering material 1 and material 2 to be, respectively, carbon steel and
aluminum.

r=05

Ueijgyy
Fig. 5: Plots of B, versus |U,(jB;)| from the analytical quadrupole solution (solid line), and the approximated
polynomial solution with N = 1 (dashed line) and N = 2 (dot-dash line) for a two layer slab.

The relative percentage error 100|1 — B{*/B;| is plotted in Fig. 6 for two values of N (Egs (13) and (14)) and the same
values of the non-dimensional parameters. For low amplitudes U, the first order polynomial approximation gives lower
errors than the second order polynomial approximation, whereas for the normalized amplitude approaching 1 the relative
error of the second order approximation is lower. The simple first order approximation in Eq. (14) allows in this case to
estimate the non-dimensional excitation frequency £, within a maximum error of about 10%.
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Fig. 6: Plots of the relative percentage error 100|1 — 8{/B;| versus B; for N = 1 (solid line) and N = 2 (dashed
line) (Two layer slab).

4.1.1. Dimensional example

We consider a two layer slab with the same parameters as above. To estimate the frequency of excitation w we
use the first order approximation in Eq. (14). From the definition of 8; we obtain the dimensional formula



http://dx.doi.org/10.21611/qirt.2012.318
11" International Conference on Quantitative InfraRed Thermography, 11-14 June 2012, Naples Italy

a1 451 1
= P2 =1‘,’2b1 |ux|2_bg (17)

For a carbon steel we have a; = 1.34 x 10~°m?s~! Moreover for the non-dimensional parameters in Eq. (16) (obtained
by considering carbon steel and aluminum as materials for the two layer slab) we have the following expressions for b,
and b, in terms of x € [0,1]

5.26
= 17a
bo =51 008x (172)
6.23 + 3.42 x — 1.79x2 + 0.00936x3
= + X x° + X (17b)
(5.1 — 0.08x)?
For x = a; = 0.5 and ¢ = 1m the plot of w versus |u,|/U (Eq. (17)) is given in Fig. 7.
x=05 f=l.cm
004 [
003 b
ooz}
001 |
o0 b Ly ]
02 04 06 08
uy U

Fig. 7: For a two layer slab comprised of carbon steel and aluminum, plot of the frequency of excitation w
versus |u,|/U .

5. Summary

We derived a polynomial implicit solution of the inverse heat conduction problem in a multi-layer slab. The
solution is based on a lumped parameters representation of the initial-boundary values heat conduction problem by
means of thermal quadrupole method. By consider the temperature at the excited boundary and in one point along the
thickness as input and output, we considered the Taylor series approximation of the transcendental quadrupoles transfer
function for the implicit polynomial representation of the inverse problem. A simple approximated formula based on first
order truncation is given and the error with respect to the analytical solution is computed for homogeneous and bi-
material slab. The first order approximation can be an effective design tool for infrared non-destructive testing when the
solution of the inverse problem is required.
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