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Abstract  

Dual Phase Lag (DPL) thermal modelling is of interest to many researchers, but most focus solely on modelling without 
validating it through the convincing experiments, in particular using IR radiation measurements. Measurement such 
phenomenon is challenging due to the small temperature signals of objects under observation. We propose a novel method 
using infrared thermography measurements to derive the thermal impedance of the object by analysing the fundamental 
harmonics of the thermal response. This approach enables the determination of the thermal impedance of the measured 
object and confirms the presence of the dual phase lag phenomenon in porous materials. Furthermore, we aim to validate 
the assumption that DPL heat conduction can be interpreted as the heat transfer in a material whose thermal conductivity 
depends on frequency. 

1. Introduction 

Experimental validation of Dual Phase Lag heat transfer model is still a very challenging task. This non-Fourier heat 
transfer phenomenon was observed, among others, in porous material such as wet sand and tissues [1-17]. The problem 
is that the DPL effect is revealed at very beginning of the transient state while the object is either heated up or cooled 
down. Moreover, in transient states, the temperature deviates very little from the monotonic increase or decrease typical 
of Fourier-Kirchhoff heat transfer, making these changes difficult to measure [1]. The DPL heat transfer is described by 2 

thermal delay times (q and T) that redefines the heat flux q [1, 2, 3].  

𝑞(𝑥, 𝑡 + 𝜏𝑞) = −𝑘
𝜕𝑇(𝑥,𝑡+𝜏𝑇)

𝜕𝑥
     (1) 

where k is thermal conductivity. 
By applying the Taylor series, the eq. (1) can be approximated by: 

 

𝑞(𝑥, 𝑡) + 𝜏𝑞
𝜕𝑞(𝑥,𝑡)

𝜕𝑡
≈ −𝑘 [

𝜕

𝜕𝑥
(𝑇(𝑥, 𝑡) + 𝜏𝑇

𝜕𝑇(𝑥,𝑡)

𝜕𝑡
)]     (2) 

 
Further simplification can hide derivation in time by using Laplace transform. 

𝑞(𝑥, 𝑠)(1 + 𝑠𝜏𝑞) = −𝑘
𝜕𝑇

𝜕𝑥
(1 + 𝑠𝜏𝑇)     (3) 

where s=j. 

Eq. (3) can be interpreted as a redefinition of heat flux and thermal conductivity. Taking into account the Fourier’s law 

of heat transfer, DPL approach can be interpreted by introducing thermal conductivity 𝑘̃, which is no more a real value, but 
a complex one, depending on frequency [16,17].  

𝑞(𝑥, 𝑠) =  −𝑘̃
𝜕𝑇

𝜕𝑥
= −𝑘

1+𝑠𝜏𝑇

1+𝑠𝜏𝑞
 
𝜕𝑇

𝜕𝑥
     (4) 

 
In consequence, the thermal conductivity defined in this way contributes not only to the amount of heat transferred 

through the material, but also it has an impact on phase shift between power and temperature in the transient and AC heat 
transfer. In the literature, there still ongoing discussion on the thermodynamic consistency of DPL thermal modelling [1-
18]. The authors confirm the better agreement of DPL approach with results obtained in experiments in contrast to 
hyperbolic heat conduction. On the other hand, there are various theoretical investigations showing the simulation results 

for 2 different cases: either T  q or T < q [2,3,4,8,18]. If T  q is valid, the diffusive nature of heat transfer dominates. 

Mathematically, it is manifested by the first order time derivative of temperature in the heat transfer equation. In the opposite 

case (T < q), the heat propagates in solids as a wave. In the equation, the second order derivative of temperature in time 

appears formulating the hyperbolic heat transfer. Mathematically, the very high speed of waves at high frequency is 
possible, what is physically not accepted [18]. From the physical point of view, it is difficult to explain such phenomenon, 
especially in macro scale. The wave effect of heat propagation was observed in nanostructures excited by ultra-short heat 

injection pulses, e.g. delivered by femtosecond lasers [1].  In metals for example, the time delays T and q are of the order 

of picoseconds, but they still preserve the relation T > q ensuring the diffusive character of heat transfer [1,2]. The DPL 

model allows for simultaneous balancing of hyperbolic and diffusive contribution in the heat transfer. In general, it can 
provide a good match to experimental results, however the question on the physical aspect of the model still remains.  
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In this research we deal with macro objects, such as wetted porous sheets or skin tissues, and in consequence we 

assume the overall diffusive character of heat transfer (T  q). The objective is to confirm and disprove this hypothesis.    

2. Thermal modelling of a wire with surrounded porous material 

The models with cylindrical geometry were investigated to compare the existence of the DPL phenomenon in porous 
materials. The first modelled object was a resistive wire. The second model includes an additional outer layer of wetted 
cotton wipe. In this model, the impact of dual-phase lag is assumed.  

 
Fig. 1. Model of a wire surrounded by porous material  

 
Assuming symmetry, the heat diffusion equation for a cylindrical object in polar coordinate system depends on radius 

r only and can be presented in frequency domain by the eq. (5). 

𝑘𝑖∇2𝑇𝑖(𝑟) − 𝑗𝜔𝑐𝑣𝑖𝑇𝑖(𝑟) = −𝑞𝑣𝑖     (5) 

where ki is the thermal conductivity, cvi the thermal capacity per volume unit, j the imaginary unit, ω the angular 

frequency and qvi the dissipated power density in i-th layer. 
 
General solution for the first and outer layers are below: 
 

𝑇1(𝑟) = 𝐴1𝐼0(𝑏1𝑟) +
𝑞𝑣1

𝑗𝜔𝑐𝑣1
     (6) 

𝑇𝑖(𝑟) = 𝐴𝑖𝐼0(𝑏𝑖𝑟) + 𝐵𝑖𝐾0(𝑏𝑖𝑟) +
𝑞𝑣𝑖

𝑗𝜔𝑐𝑣𝑖
     (7) 

where: 

𝑏𝑖 = √
𝑗𝜔𝑐𝑣𝑖

𝑘𝑖
,      (8) 

and I0 and K0 are the modified Bessel functions of the first and second kind and order zero.  
 

 
The heat source is only in the first layer – the wire. For 2-layer structure, the integration constants A1, A2 and B2 must 

be determined assuming the interface and boundary conditions, i.e.: continuity of temperature and heat flux between the 
layers. For the interface between layers 1 and 2, the equations take the following form. 

𝑇1|𝑟=𝑟1
= 𝑇2|𝑟=𝑟1

      (9) 

 

𝐴1𝐼0(𝑏1𝑟1) +
𝑞𝑣1

𝑗𝜔𝑐𝑣1
= 𝐴2𝐼0(𝑏2𝑟1) + 𝐵2𝐾0(𝑏2𝑟1)     (10) 

−𝑘1
𝑑𝑇1

𝑑𝑥
|𝑟=𝑟1

= −𝑘2
𝑑𝑇2

𝑑𝑥
|𝑟=𝑟1

      (11) 

 
𝐴1𝑏1𝑘1𝐼1(𝑏1𝑟1) = 𝐴2𝑏1𝑘2𝐼1(𝑏2𝑟1) − 𝐵2𝑏2𝑘2𝐾1(𝑏2𝑟1)    (12) 

 
At the end of the structure, convective cooling is assumed. It leads to one equation. 

−𝑘2
𝑑𝑇2

𝑑𝑥
|𝑟=𝑟2

= ℎ𝑇2|𝑟=𝑟2
     (13) 

−𝐴2𝑏2𝑘2𝐼1(𝑏2𝑟2) + 𝐵2𝑏2𝑘2𝐾1(𝑏2𝑟2) = ℎ𝐴2𝐼0(𝑏2𝑟2) + ℎ𝐵2𝐾0(𝑏2𝑟2)    (14) 

 
where I1 and K1 are the modified Bessel functions of the first and second kind and order one.  

 
The model presented above can be analytically solved in the frequency domain. This approach significantly simplifies 

the calculations and leads to more general conclusions. Considering the DPL thermal model, the thermal conductivity can 
be considered as frequency-dependent quantity.  
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3. Experiment 

The measurement stand consists of a functional generator and a power amplifier. The square wave signal from the 
generator is amplified by the transconductance driver. The output current flows through the constantan resistive wire. The 
square wave signal frequency varies from 1 to 20 Hz. The thermal response was measured using cooled infrared camera, 
the Cedip Titanium with MWIR detector of 640x512 pixel resolution. Measurements were performed to compare the thermal 
response of a solid body (constantan wire) with this wire surrounded by a porous material, as shown in figure 1. The wire 
was covered with a wetted piece of cotton material, which acts as a porous material. This cotton material effectively absorbs 
the water placed underneath, so it is assumed that the thermal response of such a material can exhibit the dual-phase lag. 
The wire was thermally excited by an amplified electrical current with frequency controlled by the functional generator. The 
measurements were performed for four different frequency values: 1, 2, 10, and 20 Hz. Measurement stand with the IR 
camera on top is presented in figure 2.  

 

 

Fig. 2. Measurements stand with the high-speed IR camera  

For each measurement, Fast Fourier Transform (FFT) analysis was performed. The power signal was the square wave 
with a DC bias, which was half of the amplitude, ensuring that the fundamental frequency both for power excitation and 
temperature response was the same. The measurements were carried out for the first harmonic only. 

 
 The aim of this experiment is to confirm a novel definition of thermal conductivity, which strongly depends on frequency 

(eq. 15). 

𝑘2 = 𝑘0
1+𝑠∙𝜏𝑇

1+𝑠∙𝜏𝑞
      (15) 

where T is the delay of thermal gradient and q is the delay of heat flux.  

 
Based on the eq.(15), one can see that the conductivity of materials where DPL effect occurs, is complex and depends 

on frequency. This may lead to a different interpretation of non-Fourier heat transfer. Each measurement lasted 10 minutes. 
Frame rate of the camera was equal to fs = 200 Hz.  

 

 
Fig. 3. Thermal image of the measured objects – wire (a), and wire with a porous material (b) 

The examples of thermal images for naked wire and the wire wrapped up by wetted porous material is presented in 
figure 3. After registration, the Fast Fourier Transform (FFT) analysis was performed, and the amplitudes of the first 
harmonics were estimated for each pixel in chosen area of interest. The example of temperature vs. time generated by the 
IR camera and the corresponding spectrum for fs = 10 Hz power excitation frequency is presented in figure 4. 
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Fig. 4. Thermal response (after subtraction its mean value) of the naked wire for 10 Hz input power (a) and FFT 

Magnitude Spectrum of this signal (b) 

 
Finally the map of amplitudes of temperature for different frequencies are shown in the figure 5. 
 

 
Fig. 5. Map of the temperature amplitudes measured on naked wire for different power frequency: 1Hz (a), 2 Hz 

(b), 10 Hz (c), 20 Hz (d)  

This research was made for the wire with porous material and for 4 frequencies (1, 2, 10, 20 Hz). Thermal images 
are rather non-uniform, especially for the porous material where the water content can vary in different places. The 
temperature was recorded for the same regions of interest in all measurements. Finally, the average temperature of 4 
neighbour pixels were calculated and used for further analysis.   

4. Results 

The data obtained from the measurements were compared with results calculated by using the developed thermal 
model. The parameters of the models were adjusted to align modelling with the measurement results – table 1.  

 
Table 1. Estimated model’s parameters 

Parameters Description Fourier-Kirchhoff 
model (naked wire) 

DPL model, wire and wetted 
porous material 

k1, W/mK Thermal conductivity of the first layer  23 23 

k0, W/mK Thermal conductivity of the second layer - 0.6 

cv1, J/m3K Thermal capacity of the first layer 3.6*106 3.6*106 

cv2, J/m3K Thermal capacity of the second layer - 3*106 

r1, m Radius of the first layer 0.4*10-3 0.4*10-3 

r2, m Total radius of a structure - 1.0*10-3 

h, W/m2K Heat transfer coefficient for outer surface 
of the second layer 

20 60 

qv1, MW/m3 Power density in the first layer 40 40 

T, s Thermal gradient time constant - 8 

q, s Flux relaxation time constant - 0.9 
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The results of Fourier-Kirchhoff model for the naked wire was fitted to the measurements. Similarly, the DPL model 
was tuned to the results of temperature measurements of the wire with the porous material around. Then, the objective 
was to confirm the impact of the existence of the DPL phenomenon. In order to achieve this goal, we model the double 

layer structure with and without DPL effect by zeroing the time constants q and T. 

The Fourier-Kirchhoff model of the wire itself is one-layer model. Its parameter’s values agree with those found in the 
literature for constantan – the resistive wire. The model of the porous material assumes existence of two layers. One layer 
is the same as in the first model representing the wire with the same thermal parameters. The second layer is made of 
cotton thin film partially filled with water, and the values of thermal conductivity and thermal capacity are very selected 
according the reports in literature. 

For the DPL model, the thermal conductivity is complex as long as the values of temperature gradient and heat flux 
relaxation time constants are non-zero or are not of the same value. The chosen values (table 1) seem to be correct, as 
the temperature gradient time constant is higher than the flux relaxation time constant, and the ratio between them is 
similar to those obtained by other researchers. The high value of heat transfer coefficient h is due to evaporation of the 
water. Even a small amount of evaporation results in a high value of heat transfer coefficient. 

The difference between the Fourier-Kirchhoff and DPL models is clearly visible in figures 6 and 7. As the Fourier – 
Kirchhoff model is one layer, the thermal impedance characteristic (Nyquist plot) displays the single-pole circular shape 
(fig. 7), resulting in a constant rate of attenuation of the Zth modulus in log-log scale (fig. 6). In contrast, if we have two 
layers, the amplitude characteristic of Zth exhibits two distinct breakpoints. This dual-pole configuration accelerates the rate 
of attenuation, thereby causing a more rapid decline in modulus of Zth. In result, the theoretical predictions agrees with 
observed experimental data. 

 

 
Fig. 6. Thermal impedance modulus of 5 cm long wire with wetted porous material, for Fourier-Kirchhoff model 

(black curve) and DPL model (dashed curve) with marked points for (1, 2, 10, 20) Hz 

The Nyquist plots of thermal impedance (for a wire with wetted porous coating 5 cm long) obtained from the 
modelling are presented in figure 7. 

 
a) b) 

 
Fig. 7. Nyquist plots of F-K and DPL thermal impedance for the wire with and without wetted coating of porous 

material, 5 cm long (a) and zooming for high frequencies (b) 
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The dots on the curves indicate frequencies corresponding to the frequencies of power excitation during the 
measurements, specifically at 1, 2, 10 and 20 Hz. Due to the lack of phase synchronization of temperature measurements 
with the power variation, the amplitudes of the appropriate harmonics were considered only. After a few iteration loops we 
adjusted the values of model’s parameters to achieve the agreement of thermal impedance measurement obtained from 
both model and the performed experiment for frequencies 1, 2, 10 and 20 Hz – figure 8. Since the values of Zth agree, we 
assume that the phase shift between temperature and power can be evaluated from the model.  

 
We also tested the model of the porous material without DPL by setting the thermal gradient and flux relaxation time 

constants to zero. A comparison of temperature modulus from the model of the structure with porous material with and 
without the DPL heat transfer effect confirm the expectations. The results show that without DPL, the modulus of 

temperature for a chosen frequency falls faster, while with DPL, it starts to straighten at frequency corresponding to T and 

q. This indicates the significant impact of the DPL phenomenon on the thermal behaviour of the material. 

 

Table 2. Parameters of two layers model of the wire with porous material assuming not existing and existing DPL 
phenomenon  

Parameters of the 
model 

Two layers model 
without DPL 

Two layers model with 
DPL in the outer layer 

k1, W/(mK) 23 23 

k0, W/(mK) 0.6 0.6 

cv1, J/m3K 3.6*106 3.6*106 

cv2, J/m3K 3*106 3*106 

r1, m 0.4*10-3 0.4*10-3 

r2, m 10-3 10-3 

h, W/m2K 60 60 

qv1, MW/m3 40 40 

T, s 0 8 

q, s 0 0.9 

 

  
 

Fig. 8. Amplitude characteristics of Zth for DPL model with overlapped measurement results for the wire with 
porous material (markers) and the same model excluding DPL effect (dashed line) 

5. Conclusions 

 
The article presents a method for analysing the thermal response of porous materials to thermal excitation and 

demonstrates how to confirm the existence of the dual-phase lag phenomenon in such structures. Our aim was to confirm 
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that the thermal conductance of these materials is a complex value that depends on the frequency of the input power 
signal. Based on the provided experimental and modelling results, we confirmed that this can be achieved using the 
presented approach by employing Fast Fourier Transform and analysing the first harmonics of the thermal response of the 
object. However, since this is preliminary, further experiments and improvements are necessary. 

Better results can be obtained if we synchronize the input and output power signals, allowing us to consider both 
amplitudes and phases. This approach will provide a better understanding of the behaviour of such structures. We also 
plan to perform another experiment with a different setup. In this setup, the water will be absorbed by the material 
horizontally rather than vertically. This could result in a more uniform filling of the material with water. Nevertheless, the 
presented preliminary results seem promising and confirm the existence of the DPL phenomenon in porous materials. 
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